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Abstract 
The purpose of this study is to examine economic growth and income and wealth distribution on the 
basis of Walrasian general equilibrium theory, neoclassical growth theory, and Dixit-Stiglitz 
monopolistic competitive theory. It makes a unique contribution to the literature of economic 
growth with perfect competition and monopolistic competition by integrating the basic economic 
mechanisms in the Walrasian general equilibrium model, the Solow one-sector growth model, and 
the Dixit-Stiglitz model. The final goods sector in our approach is based on Solow’s one-sector growth 
model. The issues of distribution are referred to the Arrow-Debreu theory. The market mechanism 
of perfect competitive markets is based on traditional neoclassical growth theory. We described 
imperfect competition on the approach basically developed by Dixit and Stiglitz. The paper unifies 
these approaches by applying the utility function and the concept of disposable income proposed by 
Zhang. We also deviate from the Dixit-Stiglitz by assuming that non-zero profits are distributed to 
households. We build and then simulate the model for a three-group economy. We examine the 
effects of changes in some parameters on transitory processes and long-term equilibrium structure.  
Keywords: Solow Growth Model, Walrasian General Equilibrium, Dixit-Stiglitz Model, Monopolistic 
Competition, Profit Distribution 
 
Introduction  
Economic reality of modern economies is characterized by co-existence of markets with perfect 
competition, monopolistic competition, monopoly (state planning), and different types of games. In 
modern growth theory, there are two main approaches with (proper) microeconomic foundations. 
Traditional neoclassical growth theory is mostly concerned with capital accumulation with economic 
structure but a homogeneous population (which implies no insight into income and wealth 
distribution among households). New dynamic economic theory is mainly concerned with perfect 
and monopolistic competition and knowledge creation and utilization without a proper mechanism 
for dealing wealth accumulation. The two approaches failed to deal with economic growth with 
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heterogeneous households. Economic dynamic theory lacks proper modelling frameworks for 
explaining dynamic issues related to income and wealth distributions, even though Walrasian theory 
provides a rational explanation about distribution of income and wealth in a static world. It is a great 
challenge to create a theory which includes the basic mechanisms in these approaches in a single 
framework. with microeconomic foundation. The unique contribution to the literature of economic 
growth is integrating the basic economic mechanisms in the Walrasian general equilibrium model, 
the Solow one-sector growth model, and the Dixit-Stiglitz model. 
 Modelling of monopolistic competition has recently become very popular in building 
macroeconomic models on the basis of microeconomic foundation. The ideas and modelling 
strategies in the literature of new economic theory enable economists to explain many well observed 
but not properly modelled phenomena. The theory of monopolistic competition has been applied to 
different issues of economics related to economic structures, economic growth, economic 
geography, international trade, and innovation and technological diffusion (e.g., Dixit and Stiglitz, 
1977; Krugman, 1979, 1980; Lancaster, 1980; Waterson, 1984; Grossman and Helpman,1990; 
Benassy, 1996; Bertoletti and Etro, 2015; Nocco, et. al., 2017; and Parenti, et.al., 2017). Although 
macroeconomics based on monopolistic competition theory has provided many important insights 
into contemporary economic complexity, as far as economic dynamics is concerned, the approach 
has not succeeded in modelling wealth accumulation with heterogeneous households. Issues related 
to income and wealth distribution are important for understanding many problems of political 
economy in modern world. The purpose of this study is to integrate neoclassical growth theory and 
Walrasian general equilibrium theory with monopolistic competition. We apply the main economic 
growth mechanism in neoclassical growth theory to model wealth accumulation and the general 
equilibrium economic principle to model income and wealth distribution. In our approach, perfect 
competition and monopolistic competition co-exist   
 This study is concerned with the role of perfect competition and monopolistic competition on 
economic growth. Coexistence of perfect competition and monopolistic competition in 
macroeconomic dynamics with wealth accumulation is introduced by, for instance, Romer (1990). 
The economy has two sectors. The final goods sector is characterized by perfect competition and 
produces a single globally homogenous capital goods with identical firms. The middle goods sector 
is characterized by monopolistic competition and produces a variety of different goods with different 
firms. We model production and consumption of middle goods by following analytical framework 
for monopolistic competition by Dixit and Stiglitz (1977). Dixit and Stiglitz emphasize diversity of 
consumption on consumption structure. We base Solow’s one-sector growth model to describe the 
final goods sector. Solow (1956) published the seminal work for development of neoclassical growth 
theory. Our market mechanism of perfect competitive markets is based on traditional neoclassical 
growth theory. Neoclassical growth theory is mainly concerned with wealth accumulation with 
perfect competition. The Solow model analyzes how the economic growth rate is determined with 
exogenous saving rate, exogenous technology, and exogenous population growth. Over years strict 
assumptions in the Solow model has been relaxed in different directions (e.g., Burmeister and Dobell, 
1970; Azariadis, 1993; Barro and Sala-i-Martin, 1995; Jones and Manuelli, 1997; Ben-David and 
Loewy, 2003; and Zhang, 2008). But most all of these extensions are limited to perfectly competitive 
markets. This study extends neoclassical growth model by taking account of monopolistic 
competition.  
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 Another important issue of this research is related to dynamics of income and wealth distribution. 
Macroeconomics lacks a proper framework for analyzing issues related to growth and income and 
wealth distribution between heterogeneous households. This study deals with growth and 
inequality with perfect and monopolistic competition within an integrated framework of 
Walrasian general equilibrium theory (e.g., Walras, 1874; Arrow and Debreu, 1954; Debreu, 1959; 
Arrow and Hahn, 1971; and Mas-Colell et al., 1995) and neoclassical growth theory. It is well known 
that the Walrasian theory is mathematically refined but is not very useful with regard to dynamics 
of wealth accumulation with heterogeneous households (e.g., Morishima, 1964, 1977; Diewert, 
1977; Eatwell, 1987; Dana et al. 1989; and Montesano, 2008; Impicciatore et al., 2012). Our model 
also studies dynamic interdependence between endogenous labor supply, economic growth and 
profit sharing. There are many research publications in endogenous labor supply, family structure, 
working hours and the valuation of traveling time with division of labor and leisure (Becker, 1976; 
Gomme et al., 2001; Campbell and Ludvigson, 2001; Gutierrez, 2003; Tassel, 2004; Stotsky, 2006). 
We apply Zhang’s approach (Zhang, 2005) to deal with endogenous time with wealth accumulation 
in an economy with heterogeneous households.  
 We unify the different approaches by applying the utility function and the concept of disposable 
income proposed by Zhang (2005, 2008). We make an extension of Zhang’s model with 
homogeneous population (Zhang, 2018) by introducing heterogenous households. The rest of the 
paper is organized as follows. Section 2 constructs the growth model of heterogenous households 
under perfect competition and monopolistic competition. Section 3 analyzes properties of the global 
economy and simulates the economic system. Section 4 conducts comparative dynamic analysis in 
some parameters. Section 5 concludes the study. 
 
Modelling Returns to Scale and Growth with Heterogenous Households  
We now build a model of heterogeneous households to analyze economic growth with endogenous 
capital accumulation under perfect competition and monopolistic competition. We integrate the 
three basic models in economic theory within a comprehensive framework. We base Walrasian 
general theory on determination of price equilibrium in an economy with heterogeneous households. 
We base Solow’s one-sector growth model to describe the final goods sector with perfect 
competition. We describe imperfect competition on the approach developed by Dixit and Stiglitz. 
We unify the different approaches by applying the utility function and the concept of disposable 
income proposed by Zhang. We now describe the model. 
 
The total labor force 
The population is classified into 𝐽  groups according to human capital and preference. Let subscripts 
j stand for group j , j =  1, . . . , J. We use T𝑗(𝑡) to stand for the work time of household j and 𝑁(𝑡) 

the flow of labor services used at time t  for production. We have 𝑁(𝑡) as follows: 

𝑁(𝑡) =  ∑ ℎ𝑗  

𝐽

𝑗=1

 𝑇𝑗(𝑡) 𝑁̅𝑗 ,     (1) 

where 𝑁̅𝑗 and ℎ𝑗  are respectively the population and the level of human capital of group 𝑗. In this 

study for simplicity of analysis we assume 𝑁̅𝑗 and ℎ𝑗  to be fixed.
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The final goods sector 
The final goods sector is almost the same as the industrial sector in the Solow model. Let 𝐹(𝑡), 𝐾(𝑡) 

and 𝑁̃(𝑡) stand for, respectively, output of the final goods sector, capital input and labor input. As in 
Solow (1956), we apply the Cobb-Douglas production function as follows: 

𝐹(𝑡)  = 𝐴 𝐾𝛼(𝑡) 𝑁̃𝛽(𝑡),   0 < 𝛼,   𝛽 <  1,   𝛼 +  𝛽 =  1,   (2) 
in which 𝐴, 𝛼 and 𝛽 are coefficients. We use capital good as a medium of exchange. It is taken as 
numeraire. Physical capital depreciates at a constant exponential rate 𝛿𝑘. We use 𝑤(𝑡) and 𝑟(𝑡), to 
stand for, respectively, the wage rate and the rate of interest. We have the profit of the final 
goods sector as follows: 

𝜋0(𝑡) = 𝐹(𝑡) − (𝑟(𝑡) + 𝛿𝑘) 𝐾(𝑡) − 𝑤(𝑡) 𝑁̃(𝑡).      
Maximizing profit implies the following marginal conditions: 

𝑅(𝑡)  =  
𝛼 𝐹(𝑡)

𝐾(𝑡)
,   𝑤(𝑡)  =  

𝛽 𝐹(𝑡)

𝑁̃(𝑡)
,   𝑤𝑗(𝑡)  =  ℎ𝑗  𝑤(𝑡),     (3) 

where 𝑤𝑗(𝑡)  stand for the wage rate of the representative household in group 𝑗  and 𝑅𝛿(𝑡)  ≡

 𝑟(𝑡)  +  𝛿𝑘. We thus complete describing the behavior of the final goods sector. From (3), we have 
𝑤𝑗(𝑡)/𝑤𝑚(𝑡)  =  ℎ𝑗/ℎ𝑚. This relation is due to assumption that there is no discrimination in the 

sense that any one is paid per unit of time according to one’s work efficiency.  
            
Disposable income and profit share 
This study applies a new approach to modeling behavior of households. The model is proposed by 
Zhang (1993) and has been applied to different fields of economics (e.g., Zhang, 2005, 2008). We use 

𝑘̄𝑗(𝑡) to represent group 𝑗′𝑠 household wealth. As in Zhang (2018), we assume that the total profit 

of all the firms of the middle goods sector is shared among the households. We use 𝜋𝑗(𝑡) to stand 

for the profit shared by the representative household in group 𝑗.  The current income of the 
representative household in group 𝑗: 

𝑦𝑗(𝑡)  =  𝑟(𝑡) 𝑘̄𝑗(𝑡)  +  ℎ𝑗  𝑇𝑗(𝑡) 𝑤(𝑡)  +  𝜋𝑗(𝑡) .  (4) 

The household disposable income 𝑦̂𝑗(𝑡) is the sum of the current disposable income and the value 

of wealth: 

𝑦̂𝑗(𝑡)  = 𝑦𝑗(𝑡)  +  𝑘̄𝑗(𝑡).     (5) 

The concept of disposable income in our approach is different from the traditional concept of 
disposable income which is equal to the current income in our approach. Our disposable income is 
the sum of the value of what one earns currently and the value of what one owns. In this study we 
assume that transaction costs in terms of money and time are omitted. This implies, for instance, 
one can sell one’s asset to purchase middle goods for consumption.  
 
Budgets and composite good for aggregating middle goods  
The representative household spends the disposable income on saving 𝑠𝑗(𝑡), on consuming final 

goods 𝑑𝑗(𝑡),  and on consuming middle goods 𝑐̃𝑗(𝜀, 𝑡).  Here, 𝑐̃𝑗(𝜀, 𝑡)  stands for the amount of 

variety 𝜀 that is consumed by group 𝑗′𝑠 representative household. Let variety 𝜀 distribute within the 
range from 0 to 𝑛, 𝜀 ∈  [0, 𝑛 ]. We follow Dixit and Stiglitz (1977) in describing consumption of 
middle goods. The composite good for each group is introduced as follows: 
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𝑐𝑗(𝑡)  =   (∫ 𝑐̃𝑗
𝜃̅(𝜀, 𝑡)  𝑑 𝜀 

𝑛

0

)

1/𝜃̅

 ,   1 >  𝜃̅𝑗 > 0,    (6)   

where 𝜃̅ is a positive parameter. The above function of constant elasticity of substation is widely 
applied in the recent literature of monopolistic competition (see also Spence, 1976; and Tirole, 1988). 
 Let the price of 𝑐̃𝑗(𝜀, 𝑡)  be denoted by  𝑝(𝜀, 𝑡) . The disposable income is spent on savings, 

consuming final goods, and consuming middle goods. We have the budget constraint as follows: 

𝑑𝑗(𝑡)  + ∫ 𝑝(𝜀, 𝑡) 𝑐̃𝑗(𝜀, 𝑡) 𝑑 𝜀 
𝑛

0

+  𝑠𝑗(𝑡) = 𝑦̂𝑗(𝑡).     (7) 

Denote 𝑇̅𝑗(𝑡) the leisure time at time 𝑡 and the 𝑇0 (fixed) available time for work and leisure. The 

time constraint is expressed by: 
𝑇𝑗(𝑡)  +  𝑇̅𝑗(𝑡)  =  𝑇0. 

Insert the above equation in (4) 

𝑦̂𝑗(𝑡)  = 𝑅(𝑡) 𝑘̄𝑗(𝑡)  −  ℎ𝑗  𝑇̅𝑗(𝑡) 𝑤(𝑡)  +  𝑊𝑗(𝑡),     (8) 

where we also use (5) and 
𝑅(𝑡)  ≡  1 +   𝑟(𝑡),   𝑊𝑗(𝑡)  ≡  ℎ𝑗  𝑇0 𝑤(𝑡)  +  𝜋𝑗(𝑡) 

Substituting (8) into (7) yields: 

ℎ𝑗  𝑇̅𝑗(𝑡) 𝑤(𝑡)  +  𝑑𝑗(𝑡)  + ∫ 𝑝(𝜀, 𝑡) 𝑐̃𝑗(𝜀, 𝑡) 𝑑 𝜀 
𝑛

0
 +  𝑠𝑗(𝑡) = 𝑦̅𝑗(𝑡),  (9) 

where  

𝑦̅𝑗(𝑡)  ≡  𝑅(𝑡) 𝑘̄𝑗(𝑡)  + 𝑊𝑗(𝑡). 

 
Utility functions and optimal behavior 
We assume that utility level 𝑈𝑗(𝑡) is dependent on 𝑇̅𝑗(𝑡), 𝑑𝑗(𝑡), 𝑐𝑗(𝑡) and 𝑠𝑗(𝑡) as follows: 

𝑈𝑗(𝑡)  =  𝑇̅
𝑗

𝜎0𝑗(𝑡) 𝑐
𝑗

𝜒0𝑗(𝑡) 𝑑
𝑗

𝜉0𝑗(𝑡) 𝑠
𝑗

𝜆0𝑗(𝑡)  ,   𝜎0𝑗 , 𝜉0𝑗 , 𝜆0𝑗, 𝜒0𝑗 > 0,  (10) 

where 𝜎0𝑗 is the propensity to use leisure time, 𝜉0𝑗 is the propensity to consume final good, 𝜒0𝑗 is 

the propensity to consume intermediates, and 𝜆0𝑗 is the propensity to save. Many research papers 

with formal modelling have been published on dynamic interdependence between economic growth 
and time allocation. In the literature of economic development, reallocation of labor from 
households to the market in association of economic growth are modelling in different approaches 
(for instance, Becker, 1965; Goodfriend and McDermott, 1995; Kelly, 1997; Edmonds and Pavcnik, 
2006; and Ferber and Green, 2007). This study takes on a simplified form of leisure time.  
 The problem is to maximize utility (10) subject to budget constraint (9). We apply the two-stage 
method to solve the optimization problem (e.g., Dixit-Stiglitz, 1977; Chang, 2012). In the first stage, 
we imagine that there is a price 𝑝(𝑡) for 𝑐𝑗(𝑡) . The budget for the question is:  

ℎ𝑗  𝑤(𝑡) 𝑇̅𝑗(𝑡)  +  𝑑𝑗(𝑡)  + 𝑝(𝑡) 𝑐𝑗(𝑡)  + 𝑠𝑗(𝑡) = 𝑦̅𝑗(𝑡).  (11)     

It is straightforward to show that the optimal solution is given by:    
ℎ𝑗  𝑤(𝑡) 𝑇̅𝑗(𝑡)  =  𝜎𝑗  𝑦̅𝑗(𝑡) ,   𝑑𝑗(𝑡)  =  𝜉𝑗  𝑦̅𝑗(𝑡) ,   𝑝(𝑡) 𝑐𝑗(𝑡)  =  𝜒𝑗  𝑦̅𝑗(𝑡) ,    

𝑠𝑗(𝑡)  =  𝜆𝑗  𝑦̅𝑗(𝑡) ,   (12) 

where 

𝜎𝑗  ≡  𝜌𝑗  𝜎0𝑗 ,   𝜉𝑗  ≡  𝜌𝑗  𝜉0𝑗 ,   𝜒𝑗  ≡  𝜌𝑗  𝜒0𝑗  ,   𝜆𝑗 ≡ 𝜌𝑗  𝜆0𝑗,   𝜌𝑗 ≡
1

𝜎0𝑗  +  𝜉0𝑗  +  𝜒0𝑗  +  𝜆0𝑗
. 
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 The second-stage maximization is formed as follows: maximize 𝑐𝑗(𝑡) by choosing 𝑐̃𝑗(𝜖, 𝑡)  subject 

to: 

∫ 𝑝(𝜀, 𝑡) 𝑐̃𝑗(𝜀, 𝑡) 𝑑 𝜀 
𝑛

0

 = 𝑝(𝑡) 𝑐𝑗(𝑡) .     (13) 

Introduce the following Langrangian function: 

ℒ𝑗(𝑡)  ≡  (∫ 𝑐̃𝑗
𝜃̅(𝜀, 𝑡)  𝑑 𝜀 

𝑛

0

 )

1/𝜃̅

+  ℏ𝑗(𝑡) {𝑝(𝑡) 𝑐𝑗(𝑡)  − ∫ 𝑝(𝜀, 𝑡) 𝑐̃𝑗(𝜀, 𝑡) 𝑑 𝜀 
𝑛

0

} ,     (14) 

where ℏ𝑗(𝑡) is the Lagrangian multiplier. From (12) we get the following first-order conditions:  
𝜕 ℒ𝑗(𝑡)

𝜕 𝑐̃𝑗(𝜀, 𝑡)
=   𝑐𝑗

1−𝜃̅(𝑡) 𝑐̃𝑗
𝜃̅−1(𝜀, 𝑡)  −  ℏ𝑗(𝑡) 𝑝(𝜀, 𝑡)  = 0 ,  

𝜕 ℒ𝑗(𝑡)

𝜕 ℏ𝑗(𝑡)
 =  𝑝(𝑡) 𝑐𝑗(𝑡)  − ∫ 𝑝(𝜀, 𝑡) 𝑐̃𝑗(𝜀, 𝑡) 𝑑 𝜀 

𝑛

0

=  0.   (15) 

 From the first equations in (15), we have: 

 𝑐𝑗
1−𝜃̅(𝑡) 𝑐̃𝑗

𝜃̅−1(𝜀, 𝑡)  =  ℏ𝑗(𝑡) 𝑝(𝜀, 𝑡).  (16) 

From (16), we have: 

𝑐̃𝑗(𝜀, 𝑡)

𝑐̃𝑗(𝜇, 𝑡) 
=  (

𝑝(𝜀, 𝑡)

𝑝(𝜇, 𝑡) 
)

1/(𝜃̅−1)

=   (
𝑝(𝜀, 𝑡)

𝑝(𝜇, 𝑡) 
)

− 𝜔

 ,   𝜃̅ =  1 −  
1

 𝜔
 .  (17) 

where 𝜔𝑗 is the elasticity of substitution between any two varieties:  

(
𝑝(𝜀, 𝑡)

𝑝̃(𝜇, 𝑡)⁄ )

(
𝑐̃𝑗(𝜀, 𝑡)

𝑐̃𝑗(𝜇, 𝑡)⁄ )

 

𝑑 (
𝑐̃𝑗(𝜀, 𝑡)

𝑐̃𝑗(𝜇, 𝑡)⁄ ) 

𝑑 (
𝑝(𝜀, 𝑡)

𝑝(𝜇, 𝑡)⁄ ) 
=  𝜔 . 

From (15) we also have: 

𝑐̃𝑗(𝜀, 𝑡) 𝑝(𝜀, 𝑡) =  (
𝑝(𝜀, 𝑡)

𝑝(𝜇, 𝑡) 
)

γ

𝑝(𝜀, 𝑡) 𝑐̃𝑗(𝜇, 𝑡) , 

where γ ≡  1/(𝜃̅ − 1). From the above equations, we have: 

𝑝(𝑡) 𝑐𝑗(𝑡)  =  𝜒𝑗  𝑦̅𝑗(𝑡)  =  ∫ 𝑝(𝜀, 𝑡) 𝑐̃𝑗(𝜀, 𝑡) 𝑑 𝜀 
𝑛

0

 =   
𝑐̃𝑗(𝛾, 𝑡)

𝑝
γ (𝛾, 𝑡)

  ∫ 𝑝
𝜃̅ γ(𝜀, 𝑡) 𝑑 𝜀 

𝑛

0

 

=   
𝑐̃𝑗(𝛾, 𝑡) 𝑃𝑗(𝑡)

𝑝
γ (𝛾, 𝑡)

 ,   (18) 

where 

𝑃𝑗(𝑡)  ≡    ∫ 𝑝
𝜃̅ γ(𝜀, 𝑡) 𝑑 𝜀 

𝑛

0

. 

Hence, we have: 

𝑐̃𝑗(𝜀, 𝑡)  =  𝜒𝑗  𝑦̅𝑗(𝑡) 𝑝
γ (𝜀, 𝑡) 𝑃𝑗

−1(𝑡) .  (19)  

From (19), we get 

𝑝(𝑡) =  
𝜒𝑗  𝑦̅𝑗(𝑡)

𝑐𝑗(𝑡)
 =  (∫ 𝑐̃𝑗

𝜃̅(𝜀, 𝑡)  𝑑 𝜀 
𝑛

0

)

−
1

𝜃̅
𝜒𝑗  𝑦̅𝑗(𝑡)  =  𝑃𝑗(𝑡)

1

𝜃̅ γ  .    (20)  

 The value share of variety 𝜀 in the total value of intermediates for consumption is: 
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𝜑(𝜀, 𝑡)  =  
𝑝(𝜀, 𝑡) 𝑐̃(𝜀, 𝑡)

𝑦̅(𝑡)
 ,   (21) 

where  

𝑦̅(𝑡)  ≡  ∑  

𝐽

𝑗=1

𝑁̅𝑗  ∫ 𝑝(𝜀, 𝑡) 𝑐̃𝑗(𝜀, 𝑡) 𝑑 𝜀 
𝑛

0

,   𝑐̃(𝜀, 𝑡)  ≡  ∑  𝑐̃𝑗(𝜀, 𝑡)

𝐽

𝑗=1

 𝑁̅𝑗. 

 
The household’s wealth accumulation 
The change in the household’s wealth saving minus dissaving: 

𝑘̇𝑗(𝑡) = 𝑠𝑗(𝑡) −  𝑘̅𝑗(𝑡).  (22)   

 
The middle goods sector 
Markets of middle goods are characterized of monopolistic competition. No firm in the middle goods 
sector can produce a product with an attribute that is very close to any given attribute of any other 
product. They are assumed to act atomistically in that no firm take account of possible impacts of its 
decisions on any other firm. Let 𝑥(𝜀, 𝑡) stand for the output level of the producer of variety 𝜀. We 
have the condition that demand equals supply as follows: 

∑  𝑐̃𝑗(𝜀, 𝑡) 𝑁̅𝑗

𝐽

𝑗=1

 =  𝑥(𝜀, 𝑡).   (23) 

 All meddle goods are produced with the same cost function. The labor force used in producing 
each good is linearly related to output as follows: 

𝑙(𝜀, 𝑡)  =  𝛼̃  +  𝛽 𝑥(𝜀, 𝑡), (24) 
where 𝑙(𝜀, 𝑡) is labor force used in producing good 𝜀, 𝛼̃ is a fixed cost, and 𝛽 is a positive coefficient. 
The total labor force 𝑁𝑥(𝑡) used by the middle goods sector is the sum of labor force used by all the 
firms:        

𝑁𝑥(𝑡)  =  ∫ 𝑙(𝜀, 𝑡) 𝑑 𝜀
𝑛

0

.  (25) 

The producer of variety 𝜀 has the following profit: 

𝜋̅(𝜀, 𝑡) =  𝑝(𝜀, 𝑡)  𝑥(𝜀, 𝑡)  − (𝛼̃  + 𝛽 𝑥(𝜀, 𝑡)) 𝑤(𝑡) .   (26) 
 The symmetry of the problem implies that all immediate firms will produce the same quantity at 
the same price. We thus can use the shorthand notation: 

𝑥(𝑡)  =  𝑥𝑗(𝜀, 𝑡),   𝜋(𝑡)  =  𝜋̅(𝜀, 𝑡),   𝑝(𝑡)  =  𝑝(𝜀, 𝑡),   for all 𝜀. 

From (23) and (26), we have: 

𝜋̅(𝑡) =  (𝑝(𝑡)  −  𝛽 𝑤(𝑡)) ∑  𝑐̃𝑗(𝜀, 𝑡) 𝑁̅𝑗

𝐽

𝑗=1

 −  𝛼̃ 𝑤(𝑡) .   (28) 

Insert (19) in (28) 

𝜋̅(𝑡) =  (𝑝(𝑡)  −  𝛽 𝑤(𝑡)) 𝑝
γ (𝑡) 𝑀(𝑡)   −  𝛼̃ 𝑤(𝑡),   (29) 

where 
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𝑀(𝑡)  ≡  𝑃𝑗
−1(𝑡) ∑ 𝜒𝑗  𝑦̅𝑗(𝑡) 𝑁̅𝑗

𝐽

𝑗=1

. 

 The first-order condition (i.e., 𝜕𝜋̅/𝜕𝑝 = 0) implies the following fixed-markup pricing rule: 

𝑝(𝑡)  =  
𝛽 𝑤(𝑡)

𝜃̅
 .  (30) 

Insert (26) in (25) 

𝜋̅(𝑡) =  𝜗 𝑤
1+γ(𝑡)𝑀(𝑡)   −  𝛼̃ 𝑤(𝑡),   (31) 

where 

𝜗 ≡  (
1

𝜃̅
 −  1) 𝛽  (

𝛽 

𝜃̅
)

γ

 . 

 It should be noted that we obtain (26) under the consideration that a firm’s action has negligible 
effect on 𝑀(𝑡). By the definitions, we have the profit share of the representative household: 

𝜋𝑗(𝑡)  =
𝜇𝑗 𝑛 𝜋̅(𝑡)

𝑁̅𝑗

,   (32) 

where 𝑛 𝜋̅(𝑡) is the total profit of the middle goods sector and share distribution is specified as 
follows:  

∑ 𝜇𝑗

𝐽

𝑗=1

 =  1,   𝜇𝑗  ≥  0. 

 It should be noted that there are different ways to deal with behavior of firms of middle goods. For 
instance, as in Krugman (1980), we might require 𝜋̅(𝑡)  =  0 as an equilibrium condition of free entry 
and exit. It is reasonable to assume that 𝜋̅(𝑡) is positive and is invested as R&D activities so that the 
number of firms become endogenous. Another condition is that the profit is shared between 
households and firms. In this study, for simplicity of analysis we accept (32).  
 
Demand and supply of final goods 
Capital good is the same as the commodity in the Solow model, which can be invested as capital 
good and consumed as consumer good. As change in capital stock is equal to the output of the final 
good sector minus the total consumption and depreciations of capital stock, we have: 

𝐾̇(𝑡) = 𝐹(𝑡)  −  𝑑(𝑡)𝑁̅  −  𝛿𝑘 𝐾(𝑡),   (33)    
in which 𝐹(𝑡)  is the output of capital goods, 𝑑(𝑡) 𝑁̅  is the consumption of capital goods, and 
𝛿𝑘 𝐾(𝑡) is the total depreciation of physical capital.      
 
The national wealth 

The national wealth ( )tK  is equal to the sum of wealth values of all the households in the economy:  

𝐾̅(𝑡) = ∑ 𝑘̄𝑗(𝑡) 𝑁̅𝑗

𝐽

𝑗=1

.  (34) 

As the national capital stock is fully employed, we have 𝐾̅(𝑡) =  𝐾(𝑡).  
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Labor and capital are Fully Employed 
The labor force is fully employed 

𝑁̃(𝑡)  +  𝑁𝑥(𝑡)  =  N(𝑡), (35) 
where 𝑁𝑥(𝑡) is the labor force employed by the middle goods sector: 

𝑁𝑥(𝑡)  =  𝑛 𝑙(𝑡). 
 
 We built the model, which is based on Walrasian general equilibrium theory, the Solow model, 
and the Dixit-Stiglitz model. The rest of the paper studies properties and behavior of the national 
economy.  
 
The Dynamic Properties of the Model 
The previous section constructed a growth model of heterogenous households by integrating 
Walrasian general equilibrium theory, the Solow one-sector growth model with endogenous 
capital accumulation, and the Dixit-Stiglitz model with monopolistic competition. The economy is 
characterized by the neoclassical growth mechanism with perfect competition and monopolistic 
competition. We introduce a variable as follows: 

𝑧(𝑡)  ≡  
𝑟(𝑡)  +  𝛿𝑘

𝑤(𝑡)
, 

{𝑘̅𝑗(𝑡)}  ≡ (𝑘̅2(𝑡), . . . , 𝑘̅𝐽(𝑡)). 

 The following lemma gives a computational program for following the movement of the 
economic system.  
 
Lemma 
The following differential equations determine the motion of the economic system:  

ż(𝑡)  =  Φ1 (𝑧(𝑡), {𝑘̅𝑗(𝑡)}, 𝑘̅3(𝑡)),      

𝑘̇̅2(𝑡)  =  Φ2 (𝑧(𝑡), 𝑘̅2(𝑡), 𝑘̅3(𝑡)), 

𝑘̇̅3(𝑡)  =  Φ3 (𝑧(𝑡), 𝑘̅2(𝑡), 𝑘̅3(𝑡)),  (36) 

where Φ𝑗 are functions of  𝑧(𝑡) and {𝑘̅𝑗(𝑡)} defined in the Appendix. Moreover, all the variables 

can be expressed as functions of 𝑧(𝑡) and {𝑘̅𝑗(𝑡)} by the following procedure: 𝑟(𝑡) and 𝑤(𝑡) by 

(A3) → 𝑘̄1(𝑡) by (A18) → 𝑝(𝑡) by (30) → 𝑦̅𝑗(𝑡) by (A8) → 𝑇̅𝑗(𝑡), 𝑑𝑗(𝑡), 𝑠𝑗(𝑡) by (12)→ 𝐾(𝑡) by (32) 

→ 𝑁̃(𝑡) by (A1) → 𝜋𝑗(𝑡) by (A6) → 𝑥(𝑡) by (A9) → 𝑁𝑥(𝑡) by (A9) → 𝑁(𝑡) by (35) → 𝐹(𝑡) by (A2) 

→ 𝑐̃𝑗(𝑡) by (19) → 𝑝(𝑡) by (20) → 𝑙(𝑡) by (24) → 𝜑(𝑡) by (21) → 𝜋̅(𝑡) by (26) → 𝑈𝑗(𝑡) by (10). 

 
 The Lemma is proved in Appendix. As the expressions are complicated, we show dynamic 
behavior of the system by simulation for an economy with three groups. We specify the 
parameters as follows: 

𝑇0 =  24,   𝜃̅ =  0.4,   𝛿𝑘 =  0.05,   𝐴 =  1.4,   𝑛 =  200,   𝛼 =  0.35,   𝛼̃  =  0.01,      
𝛽  =  0.05,   𝑁̅1 =  10,   𝑁̅2 =  40,   𝑁̅3 =  100,   ℎ1 =  4,   ℎ2 =   1.5,   ℎ3 =  1,    

𝜇1 =  0.3,   𝜇2 =  0.3,   𝜇3 =  0.4,  𝜆01 =  0.7,   𝜒01 =  0.1,   𝜉01 =  0.2,   𝜎01 =  0.2, 
𝜆02 =  0.65,   𝜒02 =  0.1,   𝜉02 =  0.2,   𝜎02 =  0.25,   𝜆03 =  0.6,   𝜒03 =  0.15,    

𝜉03 =  0.25,   𝜎03 =  0.3. 
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 The fixed available time is 24 and depreciation rate of physical capital is 5 percent. The three 
groups’ populations are respectively 10, 40 and 100. Group 1 has higher human capital than group 
2, and group 2 than group 3. The number of varieties of middle goods is 200. The initial condition 
is as follows:  

𝑧1(0) = 0.07,    𝑘̅2(0)  =  90,    𝑘̅2(0)  =  46. 
 We simulate the model. The simulation result is plotted in Figure 1. From the initial state, the 
national wealth and final goods sector’s output fall. The national labor supply rises over time. The 
middle goods sector employs less labor force, while the final goods sector employs more. Each 
firm of the middle goods produces less and employs less. The rate of interest rises, while the wage 
rate rises. The changes in the other variables over time are given in the figure. 
 

  
Figure 1. The Motion of the Economic System 
 
 The simulation shows that the economy becomes stationary in the long term. We confirm the 
equilibrium point as follows: 

𝐹 = 4593,   𝐾 = 11666 ,   𝑁 =  2208,   𝑁𝑥 =  551, 𝑁̃ = 1657 ,   𝑥 = 55 ,   𝑙 =  2.76, 
𝜋̅ =  7.41,   𝑟 = 0.088,   𝑤 =  1.8,    𝑝 = 0.23 ,   𝑝 =  0.00008,   𝜋1 =  44.44,   

𝜋2 =  11.1, 𝜋3 =  5.93, 𝑊1 =  73.8,   𝑊2 =  29.9, 𝑊3 =  20.5,   𝑘̄1 =  347, 𝑘̄2  =  90.96,  
𝑘̄3  =  45.6,   𝑐1 =  622588,   𝑐2 = 263598,   𝑐3 = 143082,   𝑐̃1 =  1.1,   𝑐̃2 =  0.47,  

𝑐̃3 =  0.25,   𝑑1 =  99,   𝑑2 =  28,  𝑑3 =  19,   𝑇̅1 =  13.9,   𝑇̅2 =  12.9, 
𝑇̅3 =  12.6 ,  𝑈1  =  965,   𝑈2  =  450,   𝑈3  =  262. 

 
The eigenvalue at the equilibrium point is: 

− 0.468, − 0.395, − 0.265. 
This implies that the equilibrium point is locally stable. We can thus effectively carry out dynamic 
comparative analysis. 
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4. Comparative Dynamic Analysis 
The previous section showed the motion of the economy. It is demonstrated that the system has a 
stable equilibrium point. We gave the Lemma which describes a computational procedure to 
calibrate the dynamic system. The lemma shows how to carry out comparative dynamic analysis. 
This section studies how the economy is affected when there are different exogenous shocks. We 

use a symbol 𝛥̄𝑥𝑗(𝑡) to stand for the change rate of the variable, 𝑥𝑗(𝑡), in percentage due to changes 

in the parameter value. 
 
The elasticity of substitution between two varieties rises 
We first study what happens to the economy when the elasticity of substitution between two 

varieties is increased as follows: 𝜃̅  =  0.4 ⇒  0.42. The simulation result is plotted in Figure 1. We 

see that a rise in 𝜃̅ implies a fall in the price of middle goods and rise in the output of each firm in 
the middle goods sector. The profit of each firm and profit shared by each household fall. All the 
households increase work hours and the total labor supply is increased. The labor forces 
employed by the middle goods sector and by each firm rise and the labor force employed by the 
final goods sector rises. The output of the final goods sector and national wealth are reduced. The 
rate of interest rises and the wage rate falls. The aggregated good price rises and its consumption 
levels by the three groups fall. The wage incomes of the three groups are enhanced. The 
household has lower level of wealth and consumes less final goods.  The utility levels of the three 
groups are all reduced.   
 

  
Figure 2. The Elasticity of Substitution between Two Varieties Rises 
 
Fixed labor cost of the middle goods firm is increased 
We now study the impact that the fixed labor cost of the middle goods firm is increased as follows: 
α̃: 0.01 ⇒ 0.02. The simulation result is plotted in Figure 3. Each firm in the middle goods sectors 
produces less in association in fall of the price of middle goods. The profit of each firm and profit 
shared by each household fall. All the households increase work hours and the total labor supply 
is increased. The labor force employed by the middle goods sector rises. The labor force by each 
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firm rises. The labor force employed by the final goods sector falls. The output of the final goods 
sector and national wealth are reduced. The rate of interest rises and the wage rate falls. The 
aggregated good price rises and its consumption levels by the three groups fall. The wage incomes 
of the three groups are enhanced. The household has lower level of wealth and consumes less 
final goods. The utility levels of the three groups are all reduced. 
 

  
Figure 3. Fixed Labor Cost of the Middle Goods Firm is Increased 
 
A rise in variety of middle goods 
We now examine the impact of the following rise in variety of middle goods on the economy: 
𝑛: 200 ⇒ 210. This may happen, for instance, due to (exogenous) innovation and introduction of 
new products. The simulation result is plotted in Figure 4. Macroeconomic variables are slightly 
affected. The consumption levels of each firm’s product and each firm’s production activities are 
strongly affected. The household utility levels are enhanced (due to the effect of love of variety).         
 

  
Figure 4. A Rise in Variety of Middle Goods 
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The total factor productivity of the final goods sector is increased 
We now study the impact that the total factor productivity of the final goods sector is increased as 
follows: 𝐴: 1.4 ⇒ 1.5. The simulation result is plotted in Figure 5. The output level of the final 
goods sector is enhanced. The national wealth is augmented. The representative household of 
group 1 increases work time initially and does not change time distribution in the long term. The 
households of the other groups reduce work hours initially and do not change time distribution 
in the long term. The total labor rises initially and does not change in the long term. The labor 
force employed by the middle goods sector falls initially and does not change in the long term. 
The labor force employed by the final goods sector rises initially and does not change in the long 
term. Each firm produces less output and employs less labor force initially, and the variables are 
not changed in the long term. The profit of each firm and profit shared by each household rise. 
The rate of interest is augmented and is not changed in the long term. The wage rate is enhanced. 
The prices of middle goods and aggregate good are increased. Each household gets more wage 
income and own more wealth. All the households consume more final goods. Their utility levels 
are enhanced.  
 

  
Figure 5. The Total Factor Productivity of the Final Goods Sector is Increased 
 
Group 1’s propensity to consume middle goods is enhanced  
We now examine the impact that the following rise in group 1’s propensity to consume middle 
goods: 𝜒01 = 0.1 ⇒ 0.12. The simulation result is plotted in Figure 6. The national wealth and 
output level of final goods sector are reduced. Group 1’s work hours is increased, while the other 
two groups’ work hours are reduced. The national labor force is increased. The middle goods 
sector employs more labor force, while the final goods sector employs less labor force. Each firm’s 
profit is increased and each household gets more profit. The rate of interest rises, while the wage 
rate falls. Group 1 gets more wage income, while the other two groups less. The household of 
group 1 has less wealth, while the households in the other two groups get more. Each firm 
produces more and employs more labor force. The prices of middle goods fall. The household of 
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group consumes more middle goods and less final goods, while the households in the other 
groups slightly change their consumption levels.     
 

  
Figure 6. Group 1’s Propensity to Consume Middle Goods is Enhanced 
 
Group 1’s propensity to save is enhanced 
We now study what will happen to the economy if group 1’s propensity to save is increased as 
follows: 𝜆01 = 0.7 ⇒ 0.72. The simulation result is plotted in Figure 7. The national capital is 
increased and rate of interest is reduced. The wage rate is enhanced. All the households get more 
wage incomes. The household from group 1 works more hours initially and less hours in the long 
term. The households from the other two groups work more hours. The firm gets less profits 
initially but more in the long term. Each household shares less profits initially but more in the long 
term. The prices of middle goods are augmented. The household of group 1 has higher utility 
levels, while the households from the other groups have almost the same levels.     
 

  
Figure 7. Group 1’s Propensity to Save is Enhance 
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Group 3 enhances human capital 
We now deal with the impact that the following rise in group 1’s human capital on the economy: 
ℎ3 = 1 ⇒ 1.2. The simulation result is plotted in Figure 8. The national labor force is augmented. 
The national capital and output of the final goods sector are augmented. The final goods and 
middle goods sectors employ more labor force. Each firm has more profits, employs more labor 
force and produces more. The rate of interest falls initially and rises in the long term. The wage 
rate rises initially and falls in the long term. The household gets more wage income. In the long 
term the households of the other two groups get almost the same wage incomes. In long term 
the household from group 3 consumes more and has higher utility level.  
 

  
Figure 8. Group 3 Enhances Human Capital 
 
Group 3’s population is increased  
We now deal with the impact that the following rise in group’s population on the economy: 𝑁̅3 =
100 ⇒  110. The simulation result is plotted in Figure 9. The national capital and output of the 
final goods sector are increased. The rate of interest is reduced and the wage rate is enhanced. 
All the households get more wage incomes. The household from group 3 works more hours. The 
households from the other two groups work less hours. The firm gets more profits. Each 
household of group 2 shares less profit. Each household of the other two groups shares more 
profit. The prices of middle goods are reduced. The household of group 3 consumes less goods 
and has less wealth, while the households from the other groups consume more goods and have 
more wealth. The household of group 3 has lower utility level, while the households from the 
other groups have higher utility levels. We conclude that a population expansion of a poor group 
enlarges the national economy, benefits the individuals of the other groups, and deteriorates the 
poor household’s living conditions.  
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Figure 9. Group 3’s Population is Increased 
 
The profit distribution is shifted 
We now deal with the impact that the following change in the profit distribution on the economy: 
 
μ1 =  0.3 ⇒  0.32;   μ2 = 0.3 ⇒  0.29;   μ3 =  0.4 ⇒  0.39.  
 
We assume that the profit share of group 1 is increased, while the other two groups’ are reduced. 
The simulation result is plotted in Figure 10. The national capital and output of the final goods 
sector are increased. The rate of interest is reduced and the wage rate is enhanced. The 
household from group 1 has more leisure time, while the households of the other groups work 
more hours. The household from group 1 has less wage income, while the households of the other 
groups receive more wage income and work more hours. The firm’s profit is changed slightly. 
Each household of group 1 has more profit, while each household of the other two groups 
receives less profit. The prices of middle goods are slightly increased. Each household of group 1 
enjoy more leisure time, while each household of the other two groups works more hours. The 
household of group 1 consumes more goods and has more wealth, while the households from 
the other groups consume less goods and have less wealth. The household of group 1 has higher 
utility level, while the households from the other groups have lower utility levels.  
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Figure 10. The Profit Distribution is Shifted 
 
Conclusion 
This study proposed an economic growth model with income and wealth distribution on the basis of 
Walrasian general equilibrium theory, neoclassical growth theory, and Dixit-Stiglitz monopolistic 
competitive theory. It made a unique contribution to the literature of economic growth with perfect 
competition and monopolistic competition by integrating the basic economic mechanism in the 
Walrasian general equilibrium model, the Solow one-sector growth model, and the Dixit-Stiglitz 
model. The final goods sector in our approach is based on Solow’s one-sector growth model. The 
issues of distribution are referred to the Arrow-Debreu theory. The market mechanism of perfect 
competitive markets is based on traditional neoclassical growth theory. We described imperfect 
competition on the approach basically developed by Dixit and Stiglitz (1977). The economy in our 
approach is composed of two sectors. One sector is like the one-sector in the Solow model with 
perfect competition. The other sector is called the middle goods sector which is based on Dixit and 
Stiglitz’s intermediates sector supplying different goods for consumption by many monopolistic 
competitive firms. We unified the different approaches by applying the utility function and the 
concept of disposable income proposed by Zhang. We also deviate from the Dixit-Stiglitz by assuming 
that non-zero profits are distributed to households. We built and then simulated the model for a 
three-group economy. We demonstrated a unique stable equilibrium point. We examined the 
effects of changes in the elasticity of substitution between two varieties, fixed labor cost of the 
middle goods firm, variety of middle goods, the total factor productivity of the final goods sector, 
group 1’s propensity to consume middle goods, group 1’s propensity to save, group 3’s human 
capital, group 3’s population, and the profit distribution. We showed how changes in these different 
parameters have impact on transitory processes and the long-term equilibrium structure. As there 
are a large amount of publications in each of the three theories and our model integrated these basic 
models within a comprehensive framework, we can extend and generalize the model in different 
ways on the basis of the literature. For instance, our distribution of profits is only a limited case of 
profit distribution. Profits may be shared by different agents for different uses. It can also be used 
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for innovation. We may make human capital endogenous variables. It is important to abandon the 
assumption that industries of middle goods are symmetry.  
 
Appendix: Proving the Lemma 
From (2) we get 

z ≡  
𝑟 + 𝛿𝑘

𝑤
 =

𝛽̄𝑁̃

𝐾
,   (𝐴1) 

where  𝛽̄ ≡  𝛼/𝛽. From (A1) and (2), we have: 

𝐹 =  𝐴 𝐾 (
𝑧

𝛽̄
)

𝛽

.   (𝐴2) 

From (3), we have: 

𝑟 =  𝛼 𝐴 (
𝑧

𝛽̄
)

𝛽

 −  𝛿𝑘,   𝑤 =  
 𝑟 + 𝛿𝑘

𝑧
.   (𝐴3) 

Insert (28) and (32) in the concept of 𝑦̂𝑗:  

𝑦̅𝑗  =  𝑅 𝑘̄𝑗  +  ℎ𝑗  𝑇0 𝑤 +  𝜋𝑗  .   (𝐴4) 

From the definition of 𝑀, we have  

𝑀 =  
1

𝑛 𝑝
𝜃̅ γ

∑ 𝜒𝑗   𝑁̅𝑗  𝑦̅𝑗

𝐽

𝑗=1

,   (A5) 

where we use 𝑃𝑗  =  𝑛 𝑝
𝜃̅ γ

 . From (A5), (31) and (32), we have  

𝜋𝑗  = 𝜇̅𝑗 ∑ 𝜒𝑞   𝑁̅𝑞 𝑦̅𝑞

𝐽

𝑞=1

 −  
𝜇𝑗  𝛼̃ 𝑛 𝑤

𝑁̅𝑗

,   (𝐴6) 

where we use (30) and  

𝜇̅𝑗  ≡  
𝜇𝑗  𝜗

(𝛽/𝜃̅)
𝜃̅ γ

 𝑁̅𝑗

.  

Insert (A6) in (A4) 

𝑦̅𝑗  −  𝜇̅𝑗 ∑ 𝜒𝑞  𝑁̅𝑞 𝑦̅𝑞

𝐽

𝑞=1

=  𝑅 𝑘̄𝑗  +  𝜇𝑗 ,   (𝐴7) 

where 

𝜇𝑗  ≡  (ℎ𝑗  𝑇0  − 
𝜇𝑗 𝑛 𝛼̃

𝑁̅𝑗

)  𝑤. 

 

Equations (A7) are linear in 𝑦̅𝑗  and 𝑘̄𝑗 . It should be noted that R  and 𝜇𝑗  are functions of 𝑧.  It is 

straightforward to solve the linear equations. We express the solution in the following form:  

𝑦̅𝑗  =  ∑ 𝑔𝑖𝑗(𝑧) 𝑘̄𝑖

𝐽

𝑖=1

 + 𝑔0𝑗(𝑧),   (𝐴8) 
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where 𝑔𝑖𝑗(𝑧) and 𝑔0𝑗(𝑧) are functions of 𝑧. We don’t give expressions of these functions as they are 

too tedious. From (24), we have:   

𝑁𝑥  =  𝛼̃ 𝑛 +  𝛽 𝑛 𝑥.  (𝐴9) 
From (19) and (23), we have  

𝑥 =  ∑
𝜒𝑗  𝑦̅𝑗  𝑁̅𝑗

𝑛 𝑝

𝐽

𝑗=1

 .   (𝐴10) 

Insert (A10) in (A9) 

𝑁𝑥  =  𝛼̃ 𝑛 +  𝛽  ∑
𝜒𝑗  𝑁̅𝑗 𝑦̅𝑗

𝑝

𝐽

𝑗=1

.  (𝐴11) 

From (A11) and (A1), we have  

z K

𝛽̄
 +   𝛼̃ 𝑛 +  𝛽  ∑

𝜒𝑗  𝑁̅𝑗 𝑦̅𝑗

𝑝

𝐽

𝑗=1

 =  N.  (𝐴12) 

Insert (34) in (A12) 

z

𝛽̄
∑ 𝑘̄𝑗  𝑁̅𝑗

𝐽

𝑗=1

 +   𝛼̃ 𝑛 + 𝛽 ∑
𝜒𝑗  𝑁̅𝑗 𝑦̅𝑗

𝑝

𝐽

𝑗=1

 =  N.  (𝐴13) 

By (1) and 𝑇𝑗  +  𝑇̅𝑗  =  𝑇0, we get 

𝑁 =  𝑇̃0  −   ∑ ℎ𝑗

𝐽

𝑗=1

𝑁̅𝑗  𝑇̅𝑗 ,   (𝐴14) 

where  

𝑇̃0  ≡  ∑ ℎ𝑗

𝐽

𝑗=1

 𝑇0 𝑁̅𝑗 . 

Insert (12) in (A14)  

𝑁 =  𝑇̃0  −   
1

𝑤
∑ 𝑁̅𝑗 𝜎𝑗  𝑦̅𝑗

𝐽

𝑗=1

.  (𝐴15) 

Insert (A15) in (A13) 

z

𝛽̄
∑ 𝑘̄𝑗  𝑁̅𝑗

𝐽

𝑗=1

 +  ∑ 𝑁̅0𝑗 𝑦̅𝑗

𝐽

𝑗=1

 =  𝑇̃0   −   𝛼̃ 𝑛,   (𝐴16) 

where 

𝑁̅0𝑗  ≡  (
𝜒𝑗  𝛽 

𝑝
 +  

𝜎𝑗

𝑤
) 𝑁̅𝑗 . 

Insert (A8) in (A16) 

 ∑ 𝑔̃𝑗 𝑘̄𝑗

𝐽

𝑗=1

 =  𝑇̃0  −  𝛼̃ 𝑛 −  𝑔0,   (𝐴17) 

where 
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𝑔̃𝑗  ≡  
𝑧 𝑁̅𝑗

𝛽̄
+  𝑔𝑗  ,    𝑔𝑗  ≡ ∑ 𝑁̅0𝑚 𝑔𝑗𝑚

𝐽

𝑚=1

,   𝑔0  ≡  ∑ 𝑁̅0𝑚 𝑔0𝑚

𝐽

𝑚=1

 . 

Solve (A17) in 𝑘̄1   

𝑘̄1(𝑧, {𝑘̄𝑗})  =  (𝑇̃0  − 𝛼̃ 𝑛 −  𝑔0  −  ∑ 𝑔̃𝑗  𝑘̄𝑗

𝐽

𝑗=2

) 
1

𝑔̃1
.  (𝐴18)    

 

In summary, we showed that all the variables can be expressed as functions of 𝑧 and {𝑘̅𝑗} by the 

following procedure: 𝑟  and 𝑤  by (A3) → 𝑘̄1  by (A18) → 𝑝 by (30) → 𝑦̅𝑗  by (A8) → 𝑇̅𝑗 , 𝑑𝑗 , 𝑠𝑗  by 

(12)→ 𝐾 by (32) → 𝑁̃ by (A1) → 𝜋𝑗 by (A6) → 𝑥 by (A9) → 𝑁𝑥 by (A9) → 𝑁 by (35) → 𝐹 by (A2) → 

𝑐̃𝑗 by (19) → 𝑝 by (20) → 𝑙 by (24) → 𝜑 by (21) → 𝜋̅ by (26) → 𝑈𝑗 by (10). 

 
 From the procedure and (22), we have 

𝑘̇̅1(𝑡) =  Φ0(𝑧(𝑡), {𝑘̅𝑗(𝑡)})  ≡  𝑠1(𝑡)  − 𝑘̅1(𝑡), (𝐴19) 

𝑘̇̅𝑗(𝑡) =  Φ𝑗(𝑧(𝑡), {𝑘̅𝑗(𝑡)})  ≡  𝑠𝑗(𝑡) −  𝑘̅𝑗(𝑡).  (𝐴20) 

Take derivatives of (A18) with respect to time  

𝑘̇̅1  =  
𝜕 𝑘̄1

𝜕 𝑧
𝑧̇  +  ∑

𝜕 𝑘̄1

𝜕 𝑘̅𝑗

𝑘̇̅𝑗

𝐽

𝑗=2

.  (𝐴21)  

From (A18)−(A21), we have: 

𝑧̇ =  Φ1(𝑧(𝑡), {𝑘̅𝑗(𝑡)})  ≡  (Φ0  −  ∑
𝜕 𝑘̄1

𝜕 𝑘̅𝑗

𝑘̇̅𝑗

𝐽

𝑗=2

) (
𝜕 𝑘̄1

𝜕 𝑧
)

−1

.  (𝐴22)  

Equations (A22) and (A20) determine the motion of 𝑧(𝑡) and {𝑘̅𝑗(𝑡)}. We thus confirmed the 

Lemma.  
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